3.9 My Irrational and

Imaginary Friends
A Solidify Understanding Task

Part 1: Irrational numbers

Find the perimeter of each of the following figures.
Express your answer as simply as possible.

1. The 3/4x2/3 rectangle 2. The isosceles right triangle 3. The V2 x V2 square
= s
:
H 1 2
34 ; 2
E
2/3 1

4. We might approximate the perimeter of figure 2 with a decimal number, but the exact perimeter

is 2+ \/5, which cannot be simplified any farther. Note that this notation represents a single
number—the distance around the perimeter of the triangle—even though it is written as the sum
of two terms. We could visualize this single number by laying the three sides of the triangle end-
to-end along a number line, starting at 0, so the endpoint of the last segment would be at the

number 2 + w/i Is the number we have located on the number line in this way a rational
number or an irrational number? Explain your answer.
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5. Why can we express the perimeter of figure 3 with a single term, even though the side lengths are
irrational?

6. Find the area of each of the figures in 1-3.

7. Draw a representative image and find the area of the following figures:

(a) asquare with sides 2 + N2

(b) arectangle with sides 3 + V2 and 2 +4/5

(c) arectangle with sides 3 + 2 and 2 +4/8

(d) arectangle with sides \/5 + %/E and w/g + VZ

8. Are the areas of the figures in 7a, 7b, 7c and 7d rational or irrational? How do you know?

Note: The set of numbers that contains all of the rational numbers and all of the irrational
numbers is called the set of real numbers.
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Part 2: Imaginary and Complex Numbers

In the previous task, you found that the quadratic formula gives the roots of X +4x+5as
-2+ /=1 and -2 - +/-1. Because the square root of a negative number has no defined value as

either a rational or an irrational number, Euler proposed that a new number i = /-1 be including in
what came to be known as the complex number system.

9. Based on Euler’s definition of i, what would the value of i’ be?

With the introduction of the number i, the square root of any negative number can be represented.

For example, w/z=\/§'w/—_=w/§'iand w/3=\/§'\/——=3i.

10. Find the values of the following expressions. Show the details of your work.

@ (2:1)

(b) 3ix 3i

Using this new notation, the roots of x> +4x +5 can be written as =2 +i and =2 — i, and the

factored form of x* + 4x + 5 can be written as (x+2-D(x+2+10).

11. Verify that x> +4x+5and (x +2—-1i)(x + 2 + i) are equivalent by expanding and simplifying
the factored form. Show the details of your work.

Note: Numbers like 3i and ’\/E'i are called pure imaginary numbers. Numbers like -2 -i and
-2 + 1 thatinclude a real term and an imaginary term are called complex numbers.
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~b+b* - 4ac

. An equivalent form is

The quadratic formula is usually written in the form

2a
-b b*-4ac ) o -b _ \b* - dac
2— + —2 . If a, b and c are rational coefficients, then 2— is arational term,and ——
a a a a

may be a rational term, an irrational term or an imaginary term, depending on the value of the

expression under the square root sign.

12. Examine the roots of the quadratic y = x* — 6x + 7 shown in

-b \Vb* - 4dac
the graph at the right. How do the terms 2— and 2—
a a

show up in this graph?

Look back at the work you did in the task To Be Determined. ..
13. Which quadratics in that task had complex roots?
14. How can you determine if a quadratic has complex roots from its graph?

15. Find the complex roots of the following quadratic function represented by its graph.

ar Note: Complex numbers are not real numbers—they do not

T lie on the real number line that includes all of the rational

5 [ | | | "' and irrational numbers; also note that the real numbers are a
subset of the complex numbers since a real number results
when the imaginary part of a + bi is 0, that is, a + 0i.
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The Fundamental Theorem of Algebra, Revisited

Remember the following information given in the previous task:

A polynomial function is a function of the form:

_ n n—1 n-2
y= aOX + alx + azx

+-a, x +a,_,x"+a,x+a,
where all of the exponents are positive integers and all of the coefficients ao . . . an are

constants.

As the theory of finding roots of polynomial functions evolved, a 17t century mathematician,
Girard (1595-1632) made the following claim which has come to be known as the
Fundamental Theorem of Algebra: An nth degree polynomial function has n roots.

Based on you work in this task, do you believe this theorem holds for quadratic functions? That is,
do all functions of the form y = ax” + bx + ¢ always have two roots?
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